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Abstract. In nature, physical phenomena tend to exhibit their effects simultaneously
and, depending on the situation of study, their interactions cannot be neglected. For
instance, nanofluids, which are composed of both fluid and nanosolids, are currently
used for thermal energy storage in concentrated solar power plants and couple thermal
and mechanical fields. Notice that owing to some limitations of solar collectors, fluids
combined with nanoparticles are under research currently to absorb solar energy by light-
to-heat conversion of energy. On this ground, the aim of the present work is to develop a
numerical formulation within the finite element method (FEM) to study the light-to-heat
energy conversion, phase-change and thermal stresses in nanosolids. For this purpose and
in a first and good approximation, it is assumed that the light is converted into heat by
the Joule heating —a non-linear term which quadratically depends on the electric field.
Therefore, the set of three coupled governing equations is composed of: balance of linear
momentum for the mechanical field, balance of energy for the thermal field and balance of
electric current for the electric field. These equations are rewritten in a weak form, which
is more amenable in the context of the FEM, and they are implemented in a numerical
code. Finally, several benchmarks are presented to validate the numerical results against
analytical solutions developed by the authors.
1 INTRODUCTION
The rapid development of societies nowadays increases more and more the consumption
of energy around the world. In order to fight against the consequences of climate change,
renewable energies are growing in importance. Among the different types of renewable
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energies, solar energy and more specifically solar thermal energy are of special interest
[1]. A main application of solar thermal energy is concentrated solar power (CSP) plants
[2], where phase change materials (PCMs) are combined with heat transfer fluids (HTF)
to enhance both sensible and latent energy storage. In order to improve the efficiency
of these systems, the addition of nanoencapsulated phase change materials (nePCMs) is
currently under research [3, 4]. The combination of nanoparticles with a fluid is known
as nanofluid [5].
Due to the limitations that solar collectors present such as corrosion, considerable heat
losses and limitations on the incident flux, fluids mixed with nanoparticles are under
research instead to absorb directly the solar energy [6]. This combination of liquids with
nanoparticles is also known as solar nanofluids [7].
Currently, to the best of the author’s knowledge, a solar nanofluid containing nePCMs
has not been attempted by the experimental community due to the fact that the increase
in temperature achieved by solar radiation is not sufficient to melt the core of nePCMs.
However, the aim of this work is to provide a general numerical framework to analyse the
behaviour of a generic nanoparticle by including thermomechanical phase change with
light-to-heat conversion. In particular, this work presents a numerical formulation within
the finite element (FE) method [8]. Previously, a consistent thermodynamic approach
is performed to obtain the set of three-dimensional governing equations. Then, these
equations are discretised by following FE standard procedures and implemented in the
research code FEAP [9], which belongs to the University of California at Berkeley (USA).
In order to validate the code, numerical solutions are compared with analytical ones
developed by the authors.
Table 1 summarizes the mathematical notation used through the present work.
2 GOVERNING EQUATIONS
Three coupled partial differential equations are required to describe light-to-heat con-
version in nePCMs. These equations are often called governing equations and are com-
posed of balance equations and of boundary conditions.
2.1 Balance equations
Consider a general domain of study Ω, boundary ∂Ω and outward normal n containing
solid and liquid phases. Four balance equations must be considered: linear and angular
momentum balances, energy balance and electric charge balance for the whole domain.
2.1.1 Mechanical balance
The strong form of the linear momentum balance reads:
ρu¨ = ∇ · σ + f (1)
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Table 1: Notation.
Mathematical operators Description
˙( ) First time derivative
(¨ ) Second time derivative
( ) First order tensor
( ) Second order tensor
( ) Fourth order tensor
( )ᵀ Transpose
tr ( ) Trace
( ) · ( ) Dot product
( ) : ( ) Double contraction product
( )⊗ ( ) Tensor product
where ρ, u¨, σ, f denote mass density, acceleration, Cauchy stress tensor and body force
vector, respectively. The stress tensor is related to the traction vector t by the Cauchy
relation: t = σ · n. The Cartesian components of the displacement vector are defined as
u = (u, v, w).
Secondly, the angular momentum balance is automatically satisfied by the symmetry
of the Cauchy stress tensor: σ = σᵀ.
2.1.2 Energy balance





ρc dθ + ρLh (T − Tm) (2)
where c, L denote heat capacity and latent heat, respectively. The variable T represents
temperature and Tref and Tm denote reference temperature at which enthalpy is calculated
and melting temperature, respectively. Finally, h (T − Tm) is the Heaviside step function,
which is defined as follows:
h (T − Tm) =
{
0 if T < Tm
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According to the previous definitions, the local form of eq. (2) becomes:
dH
dt
+∇H · u˙ = −∇ · q + j · E (4)
where u˙, q, j and E denote velocity, heat flux vector, electric flux vector and electric field,
respectively. The last term in eq. (4) represents the contribution of Joule heating.
Notice that the phase change problem considered within the energy balance in the
present work is that of pure substances. More specifically, the algorithm used in the
present work to solve phase change numerically is the enthalpy method reported in [10].
2.1.3 Electric charge balance
The strong form of the electric charge balance may be expressed as:
dρfq
dt
= −∇ · j (5)
where ρfq denotes the free electric charge.
Notice that a source/sink term does not exist in eq. (5) due to the fact that electric
charge is neither created nor destroyed [11].
2.2 Constitutive equations
Constitutive equations describe the behaviour of the media contained in the domain of
study.
2.2.1 Thermomechanical constitution
The constitutive equation of the solid phase that relates strain, temperature and stress
is:
σs = C : ε− β (T − Tref ) (6)
where C, ε and β denote the fourth-order elastic tensor, the infinitesimal strain tensor
and the second order thermoelastic tensor, respectively.
Tensors C and β are defined as follows:
C = λI ⊗ I + 2µIsy
β = (3λ+ 2µ)αI (7)
where I, Isy denote second and symmetric part fourth order identity tensors, respectively
[12]. In turn, α, λ and µ denote the coefficient of thermal expansion and Lame´ parameters,
respectively. Lame´ parameters are defined as:
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λ =
Eν
(1 + ν) (1− 2ν) , µ =
E
2 (1 + ν)
(8)
where E and ν represent Young’s modulus and Poisson’s ratio, respectively.
The constitutive equation for a static fluid phase is:
σl = pI (9)
where p is the thermodynamic pressure of the fluid. In the present work, as an approx-
imation, the liquid phase is assimilated to a fluid at rest given that the liquid volume
inside the nanoparticles (at the order of nanometers) is reduced and consequently, dy-
namic effects can be neglected. Therefore, the pressure in the fluid can be computed as










The relation between heat flux and temperature is:
q = −κ · ∇T (11)
where κ denotes the thermal conductivity tensor.
2.2.3 Electricity conduction
The relation between electric flux and electric field is:
j = γ · E (12)
where γ denotes the electric conductivity tensor.
2.3 Boundary conditions
The boundary conditions are composed of Dirichlet (also known as first-type) or Neu-
mann (second-type) expressions:
Dirichlet u = u T = T V = V
Neumann σ · n = t q · n = q j · n = j (13)
where u, T , t, q, V and j are the prescribed displacements, temperature, traction, thermal
flux, voltage and electric flux, respectively. The variable V represents voltage.
Finally, these governing equations are written in weak forms and discretised to be
implemented in the numerical code FEAP.
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3 NUMERICAL BENCHMARKS
In this section, several validations of the formulation are performed by comparing
numerical and analytical solutions developed by the authors. For the validations, it
is assumed that the variation of free electric charge with time is negligible. Material
properties of tin (Sn) are considered; see [10] for further detail.
Two different cases are studied to validate the numerical implementation. In case I, a
thermomechanical problem with phase change is defined while in case II, a steady state
problem of electro-thermoelasticity without phase change is the object of study.
3.1 Case I
An analytical solution is developed for a one-dimensional half-space domain, with a
time-dependent temperature prescribed at its free end. The domain is traction free. More
detail about the analytical solution is given in [10].
In this case, for the validations, prescribed and initial temperatures are respectively:
T0 = 583 K (above melting temperature Tm = 504.95 K), Ti = 323 K.



















Analytical t = 3s Analytical t = 5s Analytical t = 8s Numerical
Figure 1: Comparison of analytical and numerical temperature distributions (left) and
axial displacement (right) for three different times along the one-dimensional geometry.
For these numerical simulations, 200 elements are used. Eight-noded brick elements
with standard shape functions of Lagrange-type are used to interpolate the results. The
maximum relative error is lower than 1% between analytical and numerical solutions of
temperature and lower than 4% between those of displacement. Notice that the validation
of the axial displacement in Figure 1 is only done for the solid phase.
6
818
Josep Forner-Escrig, Rosa Mondrago´n and Roberto Palma
3.2 Case II
An analytical solution is developed for a one-dimensional body for a steady state study.
In this case, voltage and temperature values (below the melting temperature Tm = 504.95
K) are prescribed at both ends of the one-dimensional geometry. The body is traction
free and one of the ends is mechanically fixed (v1 = 0).
In this case, for the validations, prescribed values of temperature and voltage are
respectively: T1 = 303 K, T2 = 353 K, V1 = 0 V, V2 = 0.1 V. Subscripts 1 and 2 refer to
left and right ends of the one-dimensional geometry, respectively.































Figure 2: Comparison of analytical and numerical voltage distribution (left, upper row),
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For these numerical simulations, 200 elements are used. Eight-noded brick elements
with standard shape functions of Lagrange-type are used to interpolate the results. The
maximum relative error is lower than 0.1% between analytical and numerical solutions
for the three magnitudes shown in Figure 2.
4 CONCLUSIONS
In this work, a FE formulation is proposed to deal with thermoelasticity with light-
to-heat energy conversion. By comparing numerical and analytical solutions, it can be
observed that a good agreement exists between both results. Therefore, the numerical
model is validated and could be a useful tool to conduct multiphysics numerical analysis
or predicting the stresses developed in nePCMs.
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